"Hall viscosity" and intrinsic metric of incompressible fractional quantum Hall fluids. 
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The (guiding-center) "Hall viscosity" is a fundamental tensor property of incompressible "Ifall 
fluids" exhibiting the fractional quantum Hall effect; it determines the stress induced by a non- 
uniform electric field, and the intrinsic dipole moment on (unreconstructed) edges. It is characterized 
by a rational number and an intrinsic metric tensor that defines distances on an "incompressibility 
lengthscale" . These properties do not require rotational invariance in the 2D plane. The sign of the 
guiding-center Hall viscosity distinguishes particle fluids from hole fluids, and its magnitude provides 
a lower bound to the coefficient of the 0{q'^) small-g limit of the guiding center structure factor, a 
fundamental measure of incompressibility. This bound becomes an equality for conformally-invariant 
model wavefunctions such as Laughlin or Moore-Read states. 

PACS numbers: 73.43.Cd,71.10.Pm 
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Most treatments of the fractional quantum Hall effect 
(FQHE) assume rotational invariance. This has been 
used to demonstrate [ij that the "guiding center struc- 
ture factor" S'o(Aq) of incompressible FQHE "Hall flu- 
ids" vanishes as 0(A^) as A ^ 0. It is also a feature of 
Read's discussion[2] of their dissipationless "Hall viscos- 
ity", which generalizes earlier results Q by Avron et al. 
for the integer QHE. In this Letter, I show that the re- 
sults d and i are not only related, but can be derived 
from translational invariance without invoking rotational 
invariance. Both properties are characterized by tensors 
that can be obtained from the response of FQHE wave- 
functions with periodic boundary conditions (pbc's) to 
adiabatic changes in pbc geometry. The physical signif- 
icance of the "Hall viscosity tensor" emerges: it charac- 
terizes an intrinsic electric dipole moment on unrecon- 
structed edges of the Hall fluid, and provides an intrinsic 
metric deriving from the shape of the correlations that 
give rise to incompressibility. 

A "generic" Hall system is formed by a 2D electron 
gas (2DEG) bound to a flat 2D quantum well embed- 
ded in a uniform 3D dielectric, through which a mag- 
netic flux passes, with a uniform flux density <I>o/27r£^ , 
where $o = 2Trh/e. Provided the "magnetic length" £ is 
much larger than atomic lengthscales, the clean system 
can be regarded as translationally-invariant in the two 
directions parallel to the plane of the quantum well. The 
one-particle eigenstates of an electron in the well have 
the form 
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where n is an index that combines quantum well, valley, 
spin, and Landau level indices. Each of these generalized 
Landau levels is a macroscopically-degenerate multiplet 
(with degeneracy iVorb, the 2D area in units 27t£'^) in 
which the "magnetic translation group" (guiding center 



algebra) acts: 

Here qxq' = e^'^'qaQi,, where e'^'' = e^t is the 2D antisym- 
metric symbol, with an orientation (chirality) deflncd by 
the magnetic vector potential in the plane of the 2DEG: 
e{VaAb{r) - VbA-air)) = heab/i'^- The dynamical mo- 
mentum of electrons in the 2DEG is TTia = Pai — e^aifi). 



with 



m,j5l, and [r1,r)] = = [p.,a,Pjb]- Rf 



~ rf — {£ /h)e TTib are the guiding centers that com- 
mute with the dynamical momenta, and obey the alge- 
bra = i£'^Sij€°-''. Note the use of a covariant 
formalism where 2D spatial coordinates have upper 
indices a = 1,2, and reciprocal vectors such as wavenum- 
bers Qa have lower indices, and only upper/lower pairs 
can be contracted: q ■ r = Qar"'; this formalism makes 
the metric-independence of generic FQHE properties ex- 
plicit. 

I will assume that the low-energy effective Hamilto- 
nian that describes degenerate perturbation theory in 
the residual two-body Coulomb interaction conserves the 
number of electrons in each level £„: this will be true if 
the splitting of the levels is large compared to the inter- 
action strength, or if no spin-orbit coupling or interlayer 
tunneling mixes weakly-split levels. 

The only natural metric in the problem is provided by 
the long-distance behavior of the non-relativistic (non- 
retarded) Coulomb interaction 
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where e'^ is the dielectric tensor of the 3D medium sur- 
rounding the 2DEG, and e = (det |e|)^^'^; \r — r'\c can 
be called the "Coulomb distance" between two points, 
and Coulomb distances between points on the 2D plane 
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are given by \r\c = \r\g = {gabr'^r^Y^'^ , where gab is a 
positive-definite 2D metric tensor with det \g\ = 1. 

However, the long-distance part of the Coulomb in- 
teraction is not the source of incompressibility of FQHE 
Hall fluids, and is a complication that must be treated 
separately: on large lengthscales, it forces local charge- 
neutrality on the system, which generally requires a fi- 
nite density of charged vortices (quasiparticles). As an 
"action at a distance" , it also violates the (quasi-)local 
continuity equation for momentum. 

FQHE incompressibility is analogous to Mott-Hubbard 
incompressibility, where an energy gap "L/" prevents 
a second particle from occupying an already-occupied 
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atomic orbital. In the v = 1/3 Laughlin state {g)) 
locahzed orbitals \il)nm{i' , g)) of level n, centered at 
r, are eigenstates with eigenvalue (to m > 0, of 

Lt{r,g)^^gab{R'}-r^M~r'). (4) 

where gab is any metric tensor and is a tunable param- 
eter. In the Mott-Hubbard analogy, an energy gap pre- 
vents occupation of \ijjni{'r , g)) if |V'no(''', <?)) is already 
occupied. FQHE incompressibility in general can be un- 
derstood as the exclusion of additional particles from a 
region already occupied by a certain cluster of particles 
with a specific shape (controlled by the "hidden" varia- 
tional parameter g in the Laughlin state). 

It is convenient to separate short-range and long-range 
parts by writing the Coulomb interaction as the sum of 
a long-range part Vcd^lc + a^)^/^) and a short range 
part Vo(r,a) which is the interaction screened by a fic- 
titious conducting plane parallel to the 2DEG, set back 
a (Coulomb) distance a/2 from it. The long-range part 
cancels the fictitious image-charge potentials. The dis- 
tance a should be larger than the intrinsic "incompress- 
ibility lengthscale" , but is otherwise arbitrary. 

The 2D electron density is related to the 3D electron 
density by p{r) — J dz p'^'^'^^r , z) ^ and given by 

^(^) = E / -^^'"'"'UQ){-Pn{q)). (5) 

Here /„(q) (where /n(0) = 1) is a form factor associated 
with the one-particle wavefunctions of level n, and Pnio) 
is the Fourier-transformed guiding-center density 

Pn(q)=E^"e'''''*' (6) 
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where P" is the projection into level n. If (as usually 
assumed) there is isotropy and Galilean invariancc in the 
plane of the 2DEG, 

/„(q)=L„(iM^^>-^l^l^.^^ (7) 

where n is the Landau index and L„ are Laguerre poly- 
nomials. Here the metric that defines \q\g derives from 



the Galilean effective mass tensor m* gab and only coin- 
cides with the Coulomb metric if there is isotropy in the 
2D plane, but if isotropy is broken {e.g., by "tilting" the 
magnetic field), is distinct from it. 

The guiding-center densities obey the Lie algebraQ of 
generators of "diffeomorphisms of the quantum plane" 

[Pn{q),Pn'{q')] = 2i(5„„/ sin(iq x q' f)pn{q + q')- (8) 

In a uniform Hall fluid {pn{q)) = 2nVnS'^{qt), where f„ 
is the filling factor of level n. The regularized densities 
Pn{q) - {Pn{q)) also obey dH]), with limA_oPn(Aq) = 0. 
Two important subalgebras are those of the generators 
of translations and linear deformations of the plane: If 
p{q) = Y.nPn{q) 

limA^o V^p(Aq) ^ -zA^^e^tft-ip,, (9) 
limA^o iV^V^p(Aq) ^ (^A£)2A''^ (10) 

Note that [Pa.Pb] = p{0){h'^ /i^)eab, which vanishes if 
p{q) is the regularized density, so the uniform ground 
state of the Hall fiuid consistently obeys Pal'^a) = 0. 
The three independent components = A^" are gen- 
erators of unitary transformations U{a) — expiUab^"'^, 
where U{a)RfU{—a) = A^(a)i?J is a linear transforma- 
tion of guiding centers that preserves their algebra; they 
satisfy the 50(2, 1) Lie algebra 

j^afc^ ^cd] ^ 1 ■ l^^acj^bd _^ ^adj^bc _^ ^bc ^ad _^ ^M^cd^ 

with quadratic Casimir C2 — ~ det |A|. If there is rota- 
tional invariancc with metric g, 

L^g) = L^iO,g) = hgabA''''. (12) 

Now consider an incompressible Hall fluid subject to a 
slowly varying local potential V{r), with the Hamiltonian 

H = Ho + Vi= J d^r ho{r) + V(r)p(r), (13) 

where ho{r) is the quasilocal part of the Hamiltonian de- 
rived from the cyclotron motion kinetic energy and short- 
range part of of the Coulomb interaction, and V{r) is the 
local potential derived from both external potentials and 
the long-range part of the Coulomb interaction. Here, it 
is assumed that V{r) and p{r) = {p{r)) are slowly vary- 
ing, so all significant Fourier components have \q\c( ^ 1- 
The local continuity relations for particle density p{r) 
and momentum density 7Ta{r) are 

dtp + Vaf = 0, dtTTa + V + pV aV = 0, (14) 

where j°'{r) is the current density and cr'^{r) is the local 
stress tensor. Note that local momentum conservation is 
violated by the "body-force" field VaV{r). 

The effect of V{r) can be treated in linear response 
inside a bulk region of the fluid where \V{r) — V{r')\ < 
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A, the threshold for exciting topological excitations. For 
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e.bTT yc'^dV. (15) 



The pressure p{r) = o'q('") vanishes inside the bulk re- 
gions of the Hall fluid, because the edge states shield 
them from forces applied to the edge: if the "container" 
is squeezed, the edge-current increases, as does the poten- 
tial at the edge, but provided the condition \V{r)~V{r')\ 
< A remains true inside the fluid, no effects are felt in the 
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interior. The condition p{r) = implies F' 

The stress tensor defines the force dFa = a'^etcdL'^ be- 
tween the regions of fluid on either side of a cut along 
a line segment dL. The absence of dissipation in the 
ground state of the fluid in the presence of the poten- 
tial V{r) imposes the condition a^^aj'' = 0, or T'^'^'^ = 
_pcda6_ Therefore Vj'"'^ has the form 

pabcd ^ ^ (gacgbd _^ ^adQbc ^ ^bcgad 
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where Q"'^ — Q*"^ is symmetric. The expression p5p can 
be reformulated as a "Hall viscosity" relation by intro- 
ducing the drift velocity field v°-{r) = h-^i'^e°-^VbV: then 

< = vZ^cv", where r?- = (n/2T,£^)ebeedfTT^ ■ 

The tensor Q"^ also has the physical significance of 
describing the intrinsic electric dipole moment on the 
(unreconstructed) boundary of a Hall fluid in its ground 
state, or, more generally, on the boundary between two 
Hall fluids with different intrinsic tensors Q"'''. If dL is 
an infinitesimal line segment on the (static) boundary, it 
must follow an equipotential: • dL — 0. The discon- 
tinuity in the stress tensor field leaves a net stress force 
on the boundary, where dFa = Aa^dL^ = —dp^VbEa, 
where eEa = —VaV, and 



dp"" = eAQ'^^etcdL''. 



(17) 



For the boundary to remain static, dp must correspond 
precisely to an intrinsic electric dipole that experiences a 
compensating force from the electric field gradient to bal- 
ance the stress discontinuity, and (|17p may be regarded 
as a fundamental relation of Hall fiuids. Stability requires 
the dipole to point in the direction of decreasing electric 
charge density, so Ai^AQ"'^ is positive. 

This allows a direct calculation of AQ"'' from the edge 
properties. A "Landau gauge" basis of one-particle eigen- 
states n ■ R\^>n{k)) = k£\'i/n{k)) is used to describe a 
translationally-invariant straight boundary along the line 
n ■ r = 0. Occupation numbers z/„(fc) vary continuously 
between limits t'i^'' for n • r — s- ±(X), where k is propor- 
tional to the distance from the boundary. The total oc- 
cupation number J^(fc) ~ Vnik) has a singularity at k 
= (with a form predicted by the conformal field theory 
of the edgeQ), because an electron can be locally added 
gaplessly at positions on the boundary. The dipole mo- 
ment per unit length of wall is the sum of two terms: an 



"integer QHE" term derived completely from the form 
factor fn{q) and the discontinuities v^'^ — and a 

"fractional QHE" term that is independent of the form 
factor, and depends on the functions d{±k){v{k) — i'^^^), 
which vanish in the integer QHE case. Then 
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where Qg** is the residual guiding-center contribution ob- 
tained from the sum rule 



dk 

— ia + pk)Hk) - v{^)) = PQI^'nanb. (19) 
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Qg'' cannot change adiabatically as iJg changes, because 
it is fixed by the conserved momentum parallel to the 
edge. Note that is unchanged by rescaling Xua, 
so is correctly metric-independent. Adiabatic continuity 
of the edge properties as changes appears to require 
that the sign of Q^^narib cannot change, which implies 
that Qf' is positive or negative definite: det |Qo| > 0. 

Dynamical edge modes are described {HI by one or more 
conformal field theories with a net chiral anomaly Av. 
Excitation of these modes changes the magnitude of the 
edge dipole moment by an amount proportional to the 
linear momentum (Virasoro level) of the excitation, and 
it will be temperature-dependent in a non-universal way 
that depends on the (local) edge- mode velocities. A 
ground-state instability (reconstruction) of the edge can 
also change the dipole moment. 

The fractional part Qg'' can also be derived from the 
expression for the guiding-center stress tensor, obtained 
by solving the operator relation hqbcr\{q) — [iTa{q),Ha\^ 
(using [7ra(0), Hq] = [Pa^ Hq\ — 0), unhke previous metric- 
based derivations which appear to assume rotational 
invariance. Here TTa{q) — (^/^^)eafc[^'']q, where I define 
the generalized Fourier-transformed density 



[f{R%^Y.^¥i-R^f{R,)e^^'i-^% 



(20) 



where e.g., p{q) = '^^pniq) — [l]q. After some simple 
manipulations, using ([X,Ho])v = -([X, Vi])o + 0{V'^) 
(where (. . .)y is the ground state expectation value in 
the non- uniform system perturbed by Vi), I obtain the 
formal results 
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j^abcd 
J- OA 



No 



(i[A''^A^''])o, (21) 



where A"** is to be understood as the regularized quantity 
[A'^'']o = limA^o[A'^'']Aq. 

These results are in complete agreement with the ear- 
lier results for the case where L^{g) is the generator 
of a rotational symmetry, and is the Galilean ten- 
sor of the cyclotron orbits: KQ"^^ / P has the form0, Q 
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orb; 



(22) 



where s„ = n + ^. Here 7 = X^n 7" ^ "shift" (here 
defined "per flux" , rather than "per particle" ) seen in 
the polynomial wavefunctions that describe rotationally- 
invariant Hall fluids in disk or sphere geometries, and 
is a purely guiding-center quantity that vanishes for a 
completely-filled Landau level, and is odd under particle- 
hole conjugation, li v — p/q, then (77 is an integer. 
Without regularization, the guiding center contribution 
^afeA"'' to /h for a circular finite-size Hall droplet is 
^NNoi-i,, but regularization removes the superextensive 
part ^J^-ZV^i-b' leaving the (extensive) regularized part 
i77Vorb- For the v = k/{km + 2) LaughlinQ (fc = 1), 
Moore- Read0 {k — 2), or Read-Rezayi[l| (fe > 2) states 
in a single Landau level, 7 = v(rn + 1), (m is odd for 
fermions, even for bosons). 

If a single Hall fluid is present, the condition det |Qo 1 > 
imphes Qq^ = i^l^lg""^ / An , where I7I is positive ratio- 
nal, is an intrinsic metric defined by the incompress- 
ibility, and the sign of Q^^ distinguishes electron Hall 
fluids {Qf > 0) from hole HaU fluids {Qf < 0). If there 
are multiple (independently deformable) Hall fluids, Qq'' 
will be the sum of tensors associated with each fluid. 

I now make the connection to the long-wavelength be- 
havior of the guiding-center structure factor, given in 
terms of the total (regularized) guiding-center density 
operators by 



{p{q)p{q'))o^2nSo{q)5^{qe + q'e), 



(23) 



or in the unregularized form, 
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No 



■{p{q)p{-q))o-{p{q))o{p{~q))o- (24) 



Note that this is normalized per flux rather than per par- 
ticle, and is even under a particle-hole transformation 
of the partially-filled Landau levels (and vanishes iden- 
tically if all Landau levels are either filled or empty). 
So{Xq) vanishes as A — > (because the total particle 
number is fixed), and is even in A. Since the ground 
state is assumed to be incompressible, with a gap for ex- 
citations, So{Xq) will be analytic in A, and the formal 
expansion coefficients depend on the fluctuations C„„i ~ 
{[{q • nrUiq ■ i2)"]o)o - {[{q ■ RY^]Miq ■ RTWo- 
The crucial point is that [i?"]o = Pe''°'Pb/h which is con- 
served, so all coefficients Cim must vanish. This argu- 
ment asserts incompressibility and translational invari- 
ance of the uniform Hall fluid, with no requirement of 
rotational invariance. The leading behavior of So{Xq) at 
small A is derives from C22: So{Xq) — jX^T^'g'^qaqbqcqdi'^ 
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O(A^), where Tq^P'' is the symmetric fourth-rank tensor 
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((^i{A-b^Acd})^-^^ab^^(^^cd^^y (25) 



Evidently this can be combined with FS^'^'' to form the 



complex Hermitian tensor Fq 
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I.e.: 
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((A''^A='^)o-(A"'')o(A=''}o) 
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The linear deformations that preserve the guiding- 
center algebra can be written U{x) = exp [iaab{x)A'^'') , 
where x — {x'^, p — 1,2, 3} is a three-dimensional man- 
ifold corresponding to the three distinct generators A"*". 
Let |^(a;)} — U{x)\'^o) be a deformation of the incom- 
pressible fluid ground state. The covariant derivative in 
the deformation parameter space x is given by 



\D^^) = {l-\^){'f\) 



a* \ 

dxt^r 



(*|i?^*)=0. (27) 



Then = Tf'='^df,aabduacd is a 3 x 3 positive 

Hermitian matrix which can be obtained by studying the 
adiabatic deformation of a finite-size Hall fluid system 
with periodic boundary conditions as pbc geometry is 
varied; from this, T^'"^'^ can be determined This gen- 
eralizes the two-parameter deformation space studied in 
Refs. 0, Q where rotational invariance was assumed. 

If the fluid ground state is an eigenstate of L^{g), 
then gab^o"^'^ must vanish, which forces Fg|'^'' to have 
the structure \n{g'"'g'"^ + g'^'^g'"' - g^^g"'^), where g"'' 
is the metric also defined by Qg^. Y"-^^'^ can viewed as 
a positive Hermitian matrix '^'^'^^ , which leads to 
the bound K > I7I (because r|"'>'^'=''> ± zr^°'>'^^''> is 
positive). The value of k is known[lj for the Laughlin 
states and satisfies the bound as an equality k = |7|. Nu- 
merical diagonalization studies Q show this is also true 
for the finite- Moore- Read states 0, suggesting it is 
a general property of maximally-chiral model wavefunc- 
tions derived from conformal field theory. Corrections to 
these wavefunctions when realistic interactions are used 
appear to generically increase k above the bound, but 
it is not yet clear whether or not this is a finite-size effect. 
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